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[1] We analyze the propagation of daily fluctuations in rainfall and potential
evapotranspiration to soil moisture dynamics, using a stochastic model that accounts for
these two different forms of hydroclimatic variability. The pulsing, intermittent behavior
of daily precipitation is described by a compound Poisson process that models the
unpredictability of both frequency and amount of rainfall events, while fluctuations in
potential evapotranspiration that act continuously in time are assumed to be Gaussian. The
resulting model for the soil water balance is thus a stochastic differential equation, forced
by a state-dependent compound Poisson noise and a multiplicative Gaussian noise. Steady
state probability distribution functions (pdfs) of soil moisture are obtained analytically
along with the equations for the expected water balance and its variability. The
multiplicative effect of temporal fluctuations in potential evapotranspiration on soil
moisture reduces the soil water losses caused by evapotranspiration compared to the case
when they are not present. Most importantly, the analysis also shows that because of their
different forms and state dependence the impact of rainfall variability on soil moisture
dynamics is much more significant than that of potential evapotranspiration, the
fluctuations of which do not affect appreciably the soil moisture statistical properties.

Citation: Daly, E., and A. Porporato (2006), Impact of hydroclimatic fluctuations on the soil water balance, Water Resour. Res., 42,

W06401, doi:10.1029/2005WR004606.

1. Introduction

[2] Soil moisture fluctuations control in a nonlinear way
mass, momentum, and energy fluxes, as well as vegetation
conditions and soil nutrient dynamics, playing a unique role
in the soil-plant-atmosphere system [e.g., Noy-Meir, 1973;
Eagleson, 1978; Brubaker and Entekhabi, 1995; Porporato
and Rodriguez-Iturbe, 2002; Rodriguez-Iturbe and
Porporato, 2004]. In turn, soil moisture temporal dynamics
is the result of different and complex processeswithin the soil-
plant system that are strongly affected by climatic and
environmental fluctuations. The interplay between soil
water and climatic conditions is chiefly established through
rainfall, which is the input to the soil water balance, and
evapotranspiration, which is themainmechanism to soil water
loss [e.g., Budyko, 1974; Milly, 1994; Koster and Suarez,
1999; Farmer et al., 2003; Potter et al., 2005].
[3] Both rainfall and evapotranspiration are characterized

by a strong temporal variability that covers a wide spectrum
of timescales ranging from seconds to decades. The inter-
actions with the other hydrological processes add further
variability and this makes it arduous to quantify the impact
of the hydroclimatic forcings on soil moisture dynamics.
While the complexity of the problem hinders full analytical
approaches, field data analysis and numerical models are
often case-specific and lack the generality of analytical

results. It is thus clear the necessity of simplified analytical
approaches that focus on the main governing processes at
specific scales of interest.
[4] At short timescales, insights on the interaction of

evapotranspiration and soil water content have been
obtained combining detailed models of soil-plant-atmo-
sphere continuum with measured micrometeorological data
[e.g., Baldocchi and Meyers, 1998; Katul et al., 2001; Daly
et al., 2004]. Although these models have elucidated the
role of environmental variables on stomatal control, photo-
synthesis, and transpiration, the upscaling of such models to
include long-term hydroclimatic variability is still lacking.
Other approaches have dealt with longer timescales using
simplified models of soil water balance and accounting, at
least in part, for the external hydroclimatic variability by
suitable stochastic processes. Starting with the work of
Eagleson [1978], stochastic models have analyzed impact
of daily rainfall variability, in terms both of amount and
timing of events, on the soil water balance [Milly, 1993;
Rodriguez-Iturbe et al., 1999; Laio et al., 2001; Porporato
et al., 2004], while D’Odorico et al. [2000] investigated the
effect of interannual rainfall variability on the mean soil
moisture content. Other models [e.g., Milly, 1994; Laio et
al., 2002; Potter et al., 2005] considered the role of seasonal
variability of both precipitation and potential evapotranspi-
ration. However, while these models account for the sto-
chastic nature of rainfall, the random variability of potential
evapotranspiration rate was not explicitly considered. Con-
versely, fluctuations in evapotranspiration rate were consid-
ered in the soil-atmosphere model of Brubaker and
Entekhabi [1996] in the absence of rainfall input, while
both forms of fluctuations were considered in the numerical
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analysis by Atkinson et al. [2002] and Farmer et al. [2003]
using case-specific data.
[5] In the present paper, we focus on the propagation of

fluctuations in rainfall and potential evapotranspiration to
soil moisture dynamics at the daily timescale. To this aim
we use a stochastic framework to derive a rigorous analyt-
ical description of the relative importance of these two
different forms of variability on the soil moisture probabi-
listic structure. The probability density function of soil
moisture, the mean water balance and its variability are
obtained analytically and analyzed for different soil, cli-
mate, and vegetation conditions.

2. Daily Hydroclimatic Variability

[6] Rainfall and potential evapotranspiration are two very
different forms of forcing to the soil water balance, not only
because they act in opposite directions, but also because
their daily temporal variability is quite different, as potential
evapotranspiration is basically continuous in time and
symmetric about its mean value, while rainfall is highly
intermittent and asymmetric due to its positive pulses.
Despite their different dynamics, however, the cumulative
contribution of rainfall and potential evapotranspiration
fluctuations is often of the same order of magnitude (see
section 2.3), indicating a ‘‘potentially’’ similar impact on the
expected soil water balance, at least in some conditions.
[7] The ‘‘actual’’ effect of both precipitation and evapo-

transpiration on the soil water balance depends on soil
moisture dynamics itself. As a result, both types of forcing
are not simply additive but, although in different manners,
state-dependent. Thus the amount of rainfall that actually
infiltrates into the soil is controlled by soil moisture through
runoff generation, while actual evapotranspiration rate is
strongly reduced at low soil water content. Their soil
moisture dependence is quite different, as saturation acts
as a threshold type of control on rainfall infiltration, while
soil moisture deficit acts progressively on evapotranspira-
tion from the onset of water stress to the plant wilting point
[e.g., Porporato et al., 2001]. We will discuss this in more
detail in section 3; for now, we focus on the daily variability
of rainfall and potential evapotranspiration, introducing
suitable stochastic models for their modeling. In the fol-
lowing cross correlation between precipitation and evapo-
transpiration will be neglected, so that the two processes are
considered independent.

2.1. Potential Evapotranspiration

[8] In temperate to arid regions soil water losses occur
mainly through evapotranspiration during the growing sea-
son. Moreover, in presence of continuous vegetation cover,
transpiration is dominant over soil evaporation. Given our
focus at the daily timescale, we will use averaged daily rates
without consideration of the diurnal variability (see Daly et
al. [2004, and references therein] for a discussion of the
temporal upscaling of transpiration from hourly to daily
levels).
[9] For the sake of simplicity, we will assume that daily

evapotranspiration occurs at a maximum rate under well
watered conditions; this corresponds to the potential evapo-
transpiration rate, Ep, the value of which depends on plant
characteristics and climatic conditions in a highly nonlinear
way. The possible control that soil moisture has on Ep

through the boundary layer dynamics [e.g., Parlange and
Katul, 1992; Szilagyi, 2001; Ramirez et al., 2005] is
neglected. As soil water availability decreases, evapotrans-
piration is reduced and the actual evapotranspiration, E, is
assumed to be related to Ep via a reduction factor that
depends on the relative soil moisture content over the
rooting zone, i.e., E = f(s)Ep [e.g., Federer, 1979; Wetzel
and Chang, 1987; Albertson and Kiely, 2001; Laio et al.,
2001; Daly et al., 2004]. The inclusion of a dependence of
evapotranspiration on vertical soil water profiles [Guswa et
al., 2002] or different forms of soil moisture control on
evapotranspiration [e.g., Cowan, 1965; Guswa, 2005] are
not expected to change qualitatively the results of what will
be presented.
[10] Ep is strongly affected by environmental factors and

by the related plant stomatal behavior, as it appears from the
familiar semiempirical Penman-Monteith equation [e.g.,
Daly et al., 2004],

Ep ¼
gsLAI cpragaDþ SF

� �
rwlw gp ga þ gsLAIð Þ þ SgsLAI

� � ; ð1Þ

where gs and ga (mm s�1) are the stomatal and atmospheric
conductances, LAI (m2 leaf m�2 ground) is the leaf area
index, cp = 1012 J kg�1 K�1 is the specific heat of air, ra =
1.2 and rw = 1000 kg m�3 are air and water density, D (Pa)
is vapor pressure deficit, S (Pa K�1) is the slope of the curve
relating saturation vapor pressure and temperature (which
depends on atmospheric temperature, Ta), F is net radiation
(W m�2), lw = 2.5 106 J kg�1 is the latent heat of water
vaporization, and gp = (pacp)/(0.622 lw) = 66.1 Pa K�1 is
the psychrometric constant, with pa (Pa) being the air
pressure.
[11] An example of the marked daily variability of the

environmental variables involved in equation (1) is repre-
sented in Figure 1 that shows daily averages of net radiation
(F), air temperature (Ta), vapor pressure deficit (D), and
atmospheric conductance (ga) measured during the Duke
FACE experiment (Duke Forest, North Carolina, United
States). Atmospheric conductance is evaluated using wind
speed data, following Campbell and Norman [1998]. The
series are used to estimate the potential daily transpiration
through equation (1), assuming constant stomatal conduc-
tance of 5 mm s�1 [e.g., Jones, 1992], and LAI = 3 [Katul et
al., 2003]. It is important to stress that the value of gs
represents a daily and canopy-averaged conductance under
conditions of no soil moisture deficit. The resulting poten-
tial evapotranspiration time series is represented in
Figure 2a, suggesting that the potential evapotranspiration
rate can be decomposed into a constant mean value, Ep, plus
symmetric fluctuations, E0

p(t), that are approximately
Gaussian distributed.
[12] Since the autocorrelation of such fluctuations decays

to zero in an exponential manner, the Ornstein-Uhlenbeck
(OU) process is a good candidate for modeling the stochas-
tic fluctuations of E0

p(t) [e.g., Gardiner, 1990]. Accordingly,

dE0
p

dt
¼ �kE0

p þ ax tð Þ; ð2Þ

where x(t) is a Gaussian white noise, with hx(t)i = 0 and
hx(t)x(u)i = d(t � u) (e.g., the formal time derivative of a
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Wiener process). The value of the two parameters k (d�1)
and a (mm d�3/2) can be evaluated from the time series of
potential evapotranspiration. In fact, the characteristic
correlation time, t, of the exponential decay of the
autocorrelation function of E0

p is equal to 1/k [e.g., Gardiner,
1990]. This is typically of the order of few days, being
controlled by climatic synoptic disturbances; in particular,
for the series shown in Figure 2a, t 	 2d, so that k 	
0.5 d�1. The other parameter, a, can be obtained from the
variance of the steady state Gaussian distribution of the OU
process, varE0

p
= a2/(2 k). Since t 	 2 days, a results to be

numerically equal to the standard deviation of the time
series, which, in the case of the series of Figure 2a, is
2.86 mm d�1.
[13] Equation (2) is a realistic description of E0

p fluctua-
tions, but its temporal correlation makes it a colored
Gaussian noise, which is difficult to deal with analytically.
However, thanks to the relatively low correlation time, the
model of E0

p can be simplified adopting the so-called
adiabatic elimination of fast variables [see, e.g., Gardiner,
1990, pp. 195–196]. In this manner, the (short memory)
colored noise of equation (2) is replaced by an equivalent
idealized Gaussian white noise with zero memory, where, in
order to maintain the same dynamical effect on the soil
water balance, the diminution of correlation must be cou-
pled to an adequate augment in the noise strength [e.g.,
Horsthemke and Lefever, 1984]. Accordingly, the potential
evapotranspiration can be written as

Ep ¼ Ep þ E0
p ¼ Ep þ b x tð Þ; ð3Þ

where, as before, x(t) is the formal derivative of the Wiener
process and b = a/k [e.g., Gardiner, 1990]. Using the
parameters obtained before for the series shown in Figure 2a,
b is equal to 5.74 mm d�1/2.
[14] Figure 3 shows the cumulative water loss by poten-

tial evapotranspiration, wE, during the course of a typical

growing season, using parameters derived from the series in
Figure 2a. The different realizations of the process are close
to the integral of the time series of Figure 2a (thick line in
Figure 3) and give rise to a Gaussian pdf at the end of the

Figure 1. Time series of net solar radiation (F), air temperature (Ta), vapor pressure deficit (D), and
atmospheric conductance (ga). Data are of the 2001 growing season from the Duke Forest site, North
Carolina (United States).

Figure 2. Time series of (a) potential evapotranspiration,
evaluated from data of Figure 1, and (b) precipitation
recorded during the 2001 growing season at the Duke Forest
site, North Carolina (United States).
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growing season, which is also represented in Figure 3. Since
the mean and the variance of such a pdf vary in time as
hwE(t)i = Ept and varwE

(t) = b2t, respectively, at the end of
the growing season (for the data in Figures 1, 2, and 3 the
growing season has been assumed to last for 176 days from
the beginning of May to the end of October) they are hwEi =
930 mm and varwE

= 5798 mm2.

2.2. Precipitation

[15] At the daily timescale, precipitation may be consid-
ered as a sequence of instantaneous rainfall events each
carrying a random amount of water. This intermittent and
impulsive nature is apparent in the time series of Figure 2b
measured at the Duke Forest site. A good model for this
type of external forcing is the so-called compound Poisson
process, that has been previously used in stochastic soil
moisture models [e.g., Milly, 1993; Rodriguez-Iturbe et al.,
1999; Laio et al., 2001; Porporato et al., 2004]. Accord-
ingly, the occurrence of rainfall events is modeled as a series
of point events, arising in a Poisson process with rate l,
while the amount of water per event is assumed to be
extracted from an exponential distribution with mean a.
[16] Writing the master equation of the process, it is

possible to obtain the pdf of the cumulative rainfall at time
t, wR(t), as

p wR; tð Þ ¼ exp �wR

a
� lt

� � ffiffiffiffiffiffiffiffiffi
lt
awR

r
I1 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lwRt=a

p� �
þ d wRð Þ


 �
;

ð4Þ

where In(
) is the modified Bessel function of the first kind
of order n [e.g., Abramowitz and Stegun, 1965]. The Dirac-
delta function d(
) accounts for the probability that it does
not rain up to time t. It is also possible to show that the mean
rainfall grows linearly with time according to hwR(t)i = lat,
while the variance depends on time as varwR = 2la2t. A
comparison between the data of Figure 2b and the model is

represented in Figure 3. Different realizations, in which the
input parameters l = 0.31 d�1 and a = 8.2 mm are
evaluated from the series, are shown along with the pdf of
wR, equation (4), at the end of the growing season. The
mean amount of water over a growing season is 440 mm,
while the variance is 7340 mm2.

2.3. Precipitation Versus Evapotranspiration

[17] The two stochastic models presented in the previous
subsections take into account the unpredictable dynamics of
precipitation and evapotranspiration, adopting a relatively
simple formulation with a minimal number of parameters.
Figure 3 also compares the total amount of precipitation
with the total potential evapotranspiration losses for the
specific case of the Duke forest. The ratio between the mean
potential evapotranspiration rate, Ep, and rainfall rate, al, is
the Budyko dryness index, DI [Budyko, 1974], which in this
case is about 2, indicating a semiarid growing season
[Porporato et al., 2004]. More interesting for the purpose
of this investigation is the fact that the variability of the two
processes is quite similar. The ratio of the two variances,
i.e., the ratio of varwE

(t) = b2t and varwR
= 2la2t, gives an

estimate of which of the two mechanisms has potentially
more impact on the variability of soil moisture. A dryness
variability index can thus be defined as VI = b2/(2la2),
which in the case of Figure 2 is about 0.8.
[18] It should be added here that the previous consider-

ations do not account for plant canopy interception, which is
a form of direct evaporation but technically not a soil water
loss. It is thus interesting to briefly discuss, again using a
simplified approach, how interception may reduce rainfall
variability. Following Rodriguez-Iturbe et al. [1999], inter-
ception can be modeled assuming that a maximum given
amount of water, D, is intercepted from each rainfall event.
This can be shown to be equivalent to the frequency of the
events as l0 = l exp(�D/a). Therefore, assuming for
instance an interception D = 1.5 mm, the equivalent

Figure 3. Cumulative rainfall and potential evapotranspiration. The thick lines are derived from the data
of Figure 2, while the other curves are different realizations obtained with the models presented in
sections 2.1 and 2.2, with the parameters calculated from the time series (sE is the standard deviation of
EP in Figure 2). On the right the analytical pdfs of the two processes (sections 2.1 and 2.2) are also
shown.
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frequency of rainfall events becomes l0 = 0.26 d�1, so that
the mean and the variance of the total rainfall that is not
intercepted at the end of the growing season becomes
375 mm and 6150 mm2, respectively. Consequently, due
to the interception, the dryness index increases and its
variability moves closer to 1. As a result, the potential
variabilities of rainfall and evapotranspiration on the soil
water balance become even closer.

3. Soil Moisture Dynamics

[19] We turn now to consider how rainfall and evapo-
transpiration variability propagate through the daily soil
moisture dynamics. The soil water balance equation, aver-
aged over the root zone of depth Zr, can be written as

nZr
ds

dt
¼ R tð Þ � I tð Þ � LQ s tð Þ; t½ � � E s tð Þ; t½ �; ð5Þ

where s is vertically averaged relative soil moisture, n is soil
porosity, R is rainfall rate, I is canopy interception, LQ
represents the sum of runoff and deep percolation, and E is
evapotranspiration. Differently from previous similar mod-
els [e.g., Milly, 1993, Rodriguez-Iturbe et al., 1999; Laio et
al., 2001; Porporato et al., 2004], we will include here the
temporal variability of potential evapotranspiration rate.
Following the minimalist approach of Milly [1993] and
Porporato et al. [2004], we will assume that runoff and
drainage take place instantaneously (at the daily timescale)
only close to saturation, i.e., for s 
 s1, where s1 is a
parameter comprised between field capacity and saturation.
Therefore, when the amount of water carried by a rainfall
event is higher than the available soil storage capacity, e.g.,
nZr(s1 � s), the exceeding rainfall is immediately lost as
runoff or drainage. Because of this saturation control on
infiltration, precipitation acts as a state-dependent forcing
on the soil water balance. Canopy interception is modeled
as described in section 2.3, using a threshold D that depends
on vegetation type and condition (e.g., function of plant
type and leaf area index).
[20] As explained before, actual evapotranspiration is

simply considered to be a function of potential evapotrans-
piration, i.e., E[s(t), t] = f(s)Ep(t), where f(s) is assumed to
decrease linearly from 1 under well watered conditions (s =
s1) to zero at the wilting point (s = sw). A linear relation
provides a good representation of field data and was used in

previous theoretical studies of soil moisture dynamics [e.g.,
Brubaker and Entekhabi, 1995; Porporato et al., 2004]. In
this paper we also include time variability in Ep(t) (see
section 2.1), and thus actual evapotranspiration is given by
the sum of a deterministic component, dependent on soil
water content, plus a stochastic term (also dependent on soil
moisture) that accounts for the environmental variability
and acts as a multiplicative noise on the soil moisture
equation. As an example, Figure 4 shows the soil water
losses obtained from the soil moisture time series measured
by Knapp et al. [2002] during a long-term rainfall manip-
ulative experiment. The losses, computed as time derivative
of soil moisture series during dry downs in both ambient
and altered conditions, can be approximated with a linear
dependence on s plus irregular fluctuations that also tend to
linearly increase with s.
[21] Equation (5) can be normalized with respect to the

maximum soil water storage capacity, w0 = nZr(s1 � sw), as

dx

dt
¼ Y x tð Þ; t½ � � hx tð Þ þ bx tð Þx tð Þ½ �; ð6Þ

where x = (s � sw)/(s1 � sw) is the effective relative soil
moisture, bounded between 0 and 1, Y = (R � I � LQ)/w0 is
the normalized rate of rainfall minus interception, runoff
and drainage, hx(t) is the deterministic component of
evapotranspiration (h = Ep/w0) and bx(t)x(t) is the stochastic
forcing related to evapotranspiration, where b = b/w0.
Equation (6) is a nonlinear stochastic differential equation
driven by two different forms of noise: a multiplicative
Gaussian noise and a state dependent Poisson noise. The
multiplicative noise x(t)x(t) is interpreted according to
Stratonovich [e.g., Van Kampen, 1981]. This interpretation
is appropriate when the multiplicative Gaussian white noise
is obtained as a limit of a colored noise (see section 2.1).
[22] It is interesting to study the soil moisture pdf during

dry downs, when only evapotranspiration variability is
present. With the substitution y = ln(x) (�1 < y < 0),
and in the absence of rainfall, equation (6) becomes

dy

dt
¼ �hþ bx tð Þ; ð7Þ

which is simply a Wiener process with constant drift �h and
a reflecting barrier at y = 0 (classical rules of differential

Figure 4. (a) Soil moisture data from the Konza Prairie Biological Station, Kansas (United States) [see,
e.g., Knapp et al., 2002] and (b) corresponding soil water losses for ambient (triangles) and altered
(squares) rainfall regimes (see text for details). The solid line represents the approximation of the losses,
while the dashed lines show the lower and upper limits in the fluctuations of the losses, which increase
linearly with soil moisture as well.
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calculus are used because of the Stratonovich interpretation
of the noise). The transient pdf of y is well known [e.g., Cox
and Miller, 1965] and the one of x, obtained as a derived
distribution, reads

p x; tð Þ ¼ 1

xb
ffiffiffiffiffiffiffi
2pt

p exp � ht þ ln x0 þ ln xð Þ2

2b2t

" #(

þ exp � 4h ln x0 t þ ht � ln x0 þ ln xð Þ2

2b2t

" #

þ 2h
b2

exp
2h ln x

b2

� �
� 1� erf

� ln xþ ln x0 þ ht
b

ffiffi
t

p
� �
 �)

;

where x0 is the initial condition and erf(
) is the error
function [Abramowitz and Stegun, 1965]. Figure 5a shows
the temporal evolution of the pdf during a dry down starting
from x0 = 1. The mean value of x does not vary much with b
and it decays approximately as x0exp (�ht), while the
variance initially increases up to a maximum, after which it
gradually decreases. It is clear how the two bounds at 1 and
0 harness the oscillations of x depending on the value of b,
whose impact is reduced at low soil moisture values because
of the multiplicative form of the noise. The variance of soil

moisture is thus lower in very wet and in dry conditions
(Figures 5a and 5b).

4. Soil Moisture Probability Distribution

[23] The dynamics of the probability density function
p(x, t) when both noises are present is governed by the
master equation [e.g., Czernik et al., 1997; Daly and
Porporato, 2006]

@

@t
p x; tð Þ ¼ @

@x
hx� 1

2
b2x

� �
p x; tð Þ


 �
� lp x; tð Þ

þ lg
Z x

0

e�g x�uð Þp u; tð Þduþ 1

2
b2

@2

@x2
x2p x; tð Þ

� �
; ð9Þ

where g = w0/a. The fluctuations in evapotranspiration
give rise to the state-dependent diffusion (last term in
equation (9)), while for b = 0 the problem reduces to that
studied by Porporato et al. [2004].
[24] Given the complexity of equation (9), we only analyze

the system in stationary conditions (e.g., @tp(x, t) = 0). As
shown by Daly and Porporato [2006], the steady state
solution can be derived as

p xð Þ ¼ Ce�gxxk1�1Lk1�k2
�k1�1 gxð Þ; ð10Þ

Figure 5. (a) Transient pdf of x during dry down of
47 days starting from well watered conditions (e.g., x = 1,
s = s1), with b = 2.5 mm d�1/2. (b) Time dependence of
varx(t) for three different values of b: 1 (short-dashed line),
2 (long-dashed line), and 3 mm d�1/2 (solid line). Other
parameters are n = 0.373, Zr = 300 mm, sw = 0.047, s1 = 0.6,
and Ep = 3.7 mm d�1.

Figure 6. (top) Time series of modeled soil moisture with
two different values of noise intensity (b = 2.5, dashed line,
and b = 5 mm d�1/2, solid line) when l = 0.2 d�1, a =
4.5 mm, and D = 0. (bottom) Corresponding pdfs (the dotted
line represents the pdf with b = 0 mm d�1/2). Other
parameters are as in Figure 5.

ð8Þ
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where C is a constant of normalization, obtained with the
condition

R 1

0
p(x)dx = 1,

k1;2 ¼
�h�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ 2lb2

p
b2

; ð11Þ

and Ln
m(
) is the generalized Laguerre polynomial

[Abramowitz and Stegun, 1965]. In the limit case b = 0,
equation (10) reduces to a truncated Gamma distribution
[e.g., Porporato et al., 2004].
[25] Figure 6 shows two realizations for two different

values of noise with the corresponding pdfs compared to
the case with no evapotranspiration fluctuations (b = 0).
While the effect of b is hardly visible in the time series, it
becomes more evident in the probability distributions. The
most evident effect of increases in b is the movement of the
mode of the pdf toward lower values of x, as it is typical in
stochastic processes with multiplicative noise [e.g., Schenzle
and Brand, 1979]. Further analyses for different soil and
climatic conditions (not shown) reveal that generally soil
moisture pdfs are not much affected by evapotranspiration
variability. However, deeper soils tend to attenuate the effect
of b on x, since nZr largely controls the relaxation time of the
system, while different climatic conditions, i.e., different
values of l and a, induce slight changes in the pdf of x.
[26] This can also be seen by analyzing the mean of hxi.

The effect of daily fluctuations of Ep, although quantita-
tively small, tends to increase the mean soil moisture value
especially for deep-rooted soils (Figures 7a and 7b). Includ-
ing canopy interception tends to reduce the impact of

environmental fluctuations, since interception makes the
soil drier, with a consequent reduction in actual evapotrans-
piration fluctuations because of their multiplicative nature.
While the impact on the mean of x is very low, the variance
of x is more evidently affected by the Gaussian noise.
Figure 8 shows how the soil moisture variance increases
as b grows for different rainfall frequency and rooting
depths.
[27] In order to verify that the negative values of Ep that

are sometimes generated by the evapotranspiration model
do not affect the conclusions of our analysis, we also
generated numerically a pdf in which the negative Ep values
are set to zero. As can be seen in Figure 9, the effects of
such values are indeed negligible.

4.1. Expected Soil Water Balance

[28] The contribution of each component of the soil
moisture balance equation (i.e., rainfall, leakage and runoff,
and evapotranspiration) to the long-term water balance can
be computed by multiplying equation (9) by x and integrat-
ing between 0 and 1. This leads to (see Appendix A)

l
g
� h� 1

2
b2

� �
xh i � l

g

Z 1

0

e�g 1�zð Þp zð Þdz� 1

2
b2 p xð Þ½ �x¼1¼ 0;

ð12Þ

which can be interpreted as an averaged water balance
normalized by w0 [Porporato et al., 2004], where the input

Figure 7. Mean soil moisture as a function of (a) l and
(b) Zr with b = 5 mm d�1/2 (solid lines), b = 2.5 mm d�1/2

(long-dashed lines), and b = 0 mm d�1/2 (short-dashed
lines). Other parameters are as in Figure 5.

Figure 8. Variance of soil moisture as a function of (a) l
(a = 4.5 mm, Zr = 300 mm) and (b) Zr (l = 0.2 d�1, a =
4.5 mm) for b = 0 mm d�1/2 (short-dashed line), b equal to
2.5 (long-dashed line), and 5 mm d�1/2 (solid line). Other
parameters are as in Figure 5.
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of water given by the mean seasonal rainfall rate, hRi = l/g, is
compensated by the average losses due to evapotranspiration
(second part of the first row) and leakage plus runoff (e.g., the
integral term). The last term of equation (12) is an artificial
contribution to the loss rates introduced by the interaction
between the bound at x = 1 and the evapotranspiration
fluctuations when Ep is not strictly bounded at x = 0. As
noticed before, however, with realistic values of the
parameters this term is negligible and can be ignored.
[29] The novel effect introduced by evapotranspiration

fluctuations is in the second part of the evapotranspiration
term, i.e., b2hxi/2, which in the stochastic process literature
is called ‘‘spurious drift’’ and is generated by the Strato-
novich interpretations of the multiplicative noise [e.g.,
Horsthemke and Lefever, 1984]. This is responsible for a
reduction of soil water losses, leading to higher values of
averaged soil moisture (Figure 7), when compared to a
similar water balance with constant potential evapotranspi-
ration. In fact, writing equation (12) as

1þ VI

g
xh i ¼ DI xh i þ LQh i

Rh i ; ð13Þ

where hLQi is the average loss rate due to leakage and runoff
(the term VIp(1)/g has been neglected), clearly shows that
when the evaporation fluctuations (e.g., VI) increase, the
average soil water losses grow as well. Increasing VI while
keeping the same climatic conditions is equivalent to
increasing b, that is to having higher evapotranspiration
variability. Since the term related to leakage and runoff in
equation (13) cannot change considerably, it follows that,
with the same value of Ep, the average soil water content is
higher than in the case with b = 0 (see Porporato et al.
[2004]).
[30] A physical intuition of this reduction of evapotrans-

piration losses due to the multiplicative noise can be
gathered by analyzing the following simplistic case. As-
suming potential evapotranspiration fluctuations in the form
of a square wave of amplitude b around a mean value Ep

and constant precipitation, the water balance is simply

dx

dt
¼ P � hþ bSð Þx tð Þ; ð14Þ

where, as before, h = Ep/w0, b = b/w0, while P is the
normalized rainfall rate, S = sgn [sin(2pt/T)], with sgn(
) the
sign function, and T is the period of the wave. With P/(h +

b) < 1 and b < h, equation (14) can be solved analytically
and its steady state mean reads

xh i ¼ P

h 1� b2=h2
� �þ 4b2P

h2 � b2
� �2

Tsinh hT=2ð Þ

 cosh bT=2ð Þ � cosh hT=2ð Þ½ �: ð15Þ

One can easily see that when the ‘noise’ is uncorrelated (i.e.,
T ! 0), the oscillations do not affect the mean of the
process (as would have been erroneously the case if we had
interpreted evapotranspiration fluctuations in the Itô sense),
and the average of x tends to P/h, which is the stationary
value of x in the absence of fluctuations. When, on the other
hand, the correlation of the fluctuations increases (i.e.,
higher values of T), hxi grows and reaches its maximum
value P/[h (1 � b2/h2)] for T! +1, which is higher than in
the absence of fluctuations.

+
4.2. Long-Term Soil Water Balance Variability

[31] Analogously to the mean soil water balance, an
equation describing the rates of change of the variance of
x (varx = (hx2i � hxi2)) can be derived for statistically steady
state conditions as (see Appendix A)

l
g2

� hvarx �
l
g

1

g
þ 1� xh i

� �Z 1

0

e�g 1�zð Þp zð Þdz

þ b2 x2
� �

� 1

2
b2 p xð Þ½ �x¼1 1� xh ið Þ ¼ 0; ð16Þ

where the terms describe the effect of each component of
the water balance on the variance of x. In particular, the first
term in equation (16) is the variance rate introduced by
rainfall variability, which is reduced by the action of
evapotranspiration (second term) plus drainage and runoff
(third term). The last two terms are related to the Gaussian
fluctuations. In particular, the fourth one is a positive
contribution to the variance rate due to the stochastic
evapotranspiration fluctuations, while the last one is a
negligible artificial term related (as for the mean water
balance) to the interaction of the Gaussian noise with the
bound at x = 1. The physical meaning of equation (16) is
that at steady state the temporal variability introduced by the
rainfall and evapotranspiration (the two positive terms) is
balanced by the action of the deterministic component of
evapotranspiration as well as by the variability of runoff and
drainage losses (e.g., the integral term).

Figure 9. Analytical pdfs (solid line) obtained by (equation 10) compared to the results of numerical
simulations (histograms), where the negative area of the Gaussian distribution describing evapotranspira-
tion fluctuations has been concentrated in �Ep. Parameters are as in Figure 6.
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[32] Figure 10 shows the balance of the components of the
long-termvariance (e.g., equation (16)) as a function of rainfall
frequency and soil depth. The effect of b is that of a ‘negative’
loss of variance, since it actually introduces variance into the
system. It mainly affects the deterministic component of
evapotranspiration, which results to be higher than the corre-
spondent loss in the absence of noise (b = 0). On the other
hand, the differences between the variance leakage rates with
or without the Gaussian noise are always quite small.

5. Conclusions

[33] The effects of both rainfall and evapotranspiration
variability on soil water balance have been analyzed theo-
retically in a simplified stochastic model of soil moisture
dynamics. As expected, the presence of fluctuations in
evapotranspiration tends to increase the variance of soil
moisture dynamics, while interestingly it always reduces the
water losses compared to the case with constant potential
evapotranspiration. This reduction is due to the temporal
correlation of such fluctuations, that, when coupled multi-
plicatively to soil moisture, tend to give less weight to
evapotranspiration at higher soil moisture values. The most
important conclusion, however, is that evapotranspiration
fluctuations do not alter qualitatively the probabilistic prop-
erties of soil moisture dynamics (see Figures 7 and 8). This
implies that simplified stochastic soil moisture models at the
daily timescale provide quite a realistic description of the
main soil moisture probabilistic properties even if only
accounting for rainfall variability.

Appendix A: Long-Term Mean and Variance
Equations of the Water Balance

[34] Equation (9) can be written in a more manageable
form as

@

@t
p x; tð Þ ¼ � @

@x
J x; tð Þ; ðA1Þ

where the probability current J(x, t) is

J x; tð Þ ¼ � hxp x; tð Þ þ l
Z x

0

p u; tð Þe�g x�uð Þdu

þ 1

2
b2xp x; tð Þ � 1

2

@

@x
b2x2p x; tð Þ

� �
: ðA2Þ

[35] From equation (A1), the dynamics of the mean
effective relative soil moisture is

d xh it
dt

¼
Z 1

0

x
@

@t
p x; tð Þ½ �dx ¼

Z 1

0

x
@

@x
J x; tð Þdx; ðA3Þ

that in stationary conditions becomesZ 1

0

x
d

dx
J xð Þdx ¼ xJ xð Þ½ �10�

Z 1

0

J xð Þdx

¼ þ
Z 1

0

hxp xð Þdx�
Z 1

0

le�gx

Z x

0

egzp zð Þdz

 �

dx

� 1

2

Z 1

0

b2xp xð Þdxþ 1

2

Z 1

0

b2x2p xð Þdx

¼ 0: ðA4Þ

Solving the integrals with respect to x and reorganizing the
terms gives equation (12).
[36] The dynamics of the variance of x, varx, is described

by the relation

dvarx

dt
¼ d

dt

Z 1

0

x� xh it
� �2

p x; tð Þ
h i

dx

¼ þ
Z 1

0

x2
@

@t
p x; tð Þdx� 2 xh it

Z 1

0

x
@

@t
p x; tð Þdx

¼ þ
Z 1

0

x2
@

@x
J x; tð Þdx� 2 xh it

Z 1

0

x
@

@x
J x; tð Þdx: ðA5Þ

In steady state conditions, integrating by parts gives

þ
Z 1

0

x2
d

dx
J xð Þdx� 2 xh it

Z 1

0

x
d

dx
J xð Þdx

¼ �2

Z 1

0

xJ xð Þdx� 2 xh it
Z 1

0

x
d

dx
J xð Þdx

¼ �2

Z 1

0

xJ xð Þdx� 2 xh it
d xh it
dt

¼ 0; ðA6Þ

that, integrated with respect to x, gives equation (16).

Notation

a intensity of the colored noise forcing E0
p (mm d�3/2).

b intensity of the white noise forcing Ep (b = a/k)(mm
d�3/2).

Figure 10. Components of the balance of variance rate normalized by the rainfall variance (e.g., la2)
with b = 0 (dashed lines) and b = 4 mm d�1/2 (solid lines) for different l and Zr, with a = 5 mm and D = 0.
The labels E, LQ, and b refer to the percentage of variance related to the deterministic evapotranspiration,
runoff plus drainage, and evapotranspiration fluctuations, respectively. Other parameters are as in
Figure 5.
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cp air specific heat (J kg�1 K�1).
D vapor pressure deficit (Pa).
DI Budyko dryness index [Budyko, 1974] (dimension-

less).
E actual evapotranspiration rate (mm d�1).
Ep potential evapotranspiration rate (mm d�1).
Ep mean potential evapotranspiration rate (mm d�1).
E0
p fluctuations of potential evapotranspiration rate from

Ep (mm d�1).
ga atmospheric conductance (mm s�1).
gs stomatal conductance (mm s�1).
I interception rate (mm d�1).
k rate of decay of E0

p (d
�1).

LAI leaf area index (mleaf
2 mground

�2 ).
LQ runoff and deep percolation loss rate (mm d�1).
n soil porosity (dimensionless).
pa air pressure (Pa).
R rainfall rate (mm d�1).
S slope relating temperature and saturation vapor

pressure (Pa K�1).
sw wilting point (dimensionless).
s1 threshold defining well watered conditions (dimen-

sionless).
Ta air temperature (K).
x effective relative soil moisture (dimensionless).
VI dryness variability index (dimensionless).
w0 maximum soil storage capacity (mm).
wE cumulative water loss by evapotranspiration (mm).
wR cumulative rainfall (mm).
Y normalized infiltration rate (d�1).
Zr root depth (mm).
a mean rainfall amount per event (mm).
b normalized white noise intensity (b/w0) (d

�3/2).
g inverse of the normalized mean rainfall depth (w0/a)

(dimensionless).
gp psychrometric constant (Pa K�1).
D canopy interception threshold (mm).
h normalized mean potential evapotranspiration rate

(Ep/w0) (d
�1).

l mean rate of rainfall occurrence (d�1).
lw latent heat of water vaporization (J kg�1).
ra air density (kg m�3).
rw water density (kg m�3).
F net solar radiation (W m�2).
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